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Abstract. In this paper, we generalise Magnus' Freihcitssatz and solution to the 
word problem for onc-relator groups by considering one relator quotients of cer- 
tain classes of right-angled Artin groups and graph products of locally indicablc 
poly cyclic groups. 



1. Introduction 

The word problem for a finitely presented group is the decidability problem of 
determining whether two words represent the same element. It was Max Dehn who 
proposed the three fundamental problems of infinite group theory, the word problem, 
the conjugacy problem and the isomorphism problem and proved that the word and 
conjugacy problems are solvable in the fundamental groups of closed surfaces of genus 
> 2. A remarkable theorem of Magnus' generalises Dehn's result to establish that 
the word problem is solvable for any group that may be defined via a presentation 
involving only one relator. In this paper, we generalise Magnus' solution to the word 
problem for one-relator groups by considering one relator quotients of right-angled 
Artin groups and graph products of locally indicable polycyclic groups. 

Let T = (V, E) be a graph with vertex set V and edge set E. The right-angled 
Artin group associated to the graph V is defined by 

A r := (V | [u,v] = lV(u,i))G E). 

In the literature, right-angled Artin groups are often also called graph groups or 
partially commutative groups. If V is the complete graph on V, then Ar = 17 1 and 
the rank n is equal to the cardinality \V\ of V. In the other extreme, we have the 
non-abelian free group of rank \V\, which is the right-angled Artin group associated 
to the totally disconnected graph with \V\ vertices. For a subset U C V, we denote 
by Tj; the subgraph of T spanned by U. Recall that the inclusion — > T induces an 
natural injective map A-p u — > A?. In this paper, we consider one-relator quotients of 
a special class of right-angled Artin groups. 

Definition 1.1. A graph L is called starred if it is finite and has no incidence of 
full subgraphs isomorphic to either C4, the cycle of length 4, or L3, the line of length 
three. A right-angled Artin group is said to be starred if its defining graph is starred. 
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Connected starred graphs are special: every such graph has a node: a node is a vertex 
which is adjacent to every other vertex, see jU Lemma]. For a starred graph we define 
N = N(T) = {v G VT : v is a node of T}, the set of nodal vertices. In particular 
Ty-N is disconnected. A subset U of V spans a sub-star of T if IV is spanned by N 
and some connected components of Ty-N- 

For a group G and g G G, we write G/ <J g ) to denote the quotient of G by the normal 
closure of g in G. Our main interest lies in one relator quotients of right-angled Artin 
groups and in this spirit we obtain the theorem below. 

Theorem A. Let A? be a starred right-angled Artin group and let g be an element 
of Ay- Let N be the set of nodal vertices ofV and G := Ar/^g^. Then 

(i) the word problem is solvable in G; 

(ii) if U C N and g A^ v , then A-p u naturally embeds in G; 

(iii) if U spans a sub-star, and g is not conjugate to an element of A ru then A ru 
naturally embeds in G. 

Right-angled Artin groups are a special case of graph products, a more general 
construction. Let T be a simplicial graph and suppose that (5 = {G v \ v G VT} is a 
collection of groups (called vertex groups). The graph product T<3, of this collection 
of groups with respect to T, is the group obtained from the free product of the G v , 
v G VT, by adding the relations 

[Qvi 9u] = 1 for all g v G G v , g u G G u such that {u, v} is an edge of T. 

Given a graph product G := T<3 and a full subgraph A of T, we denote by G\ the 
graph product A{G V \ v G VA}. It is known that the natural map G\ — > G induced 
by the inclusion of A in T is injective. 

The graph product of groups is a natural group-theoretic construction generalizing 
free products (when T has no edges) and direct products (when T is a complete 
graph) of groups G v , v G VT. Graph products were first introduced and studied by 
E. Green in her Ph.D. thesis [5]. Green considered one-relator quotients of right- 
angled Artin groups and asked if there exists some form of a Freiheitssatz for these 
groups. Theorem A (iii) gives a Freiheitssatz for this family of groups. Green did not 
consider the word problem for one relator right-angled Artin groups. 

Theorem A(i) is a special case of Theorem B below, in which we give a solution to 
the word problem for one relator quotients of graph products of poly- (infinite cyclic) 
groups. Recall that a group is poly- (infinite cyclic) if there is a finite length subnormal 
series in which all the factor groups are infinite cyclic. Clearly, poly- (infinite cyclic) 
groups are locally indicable. Recall that a group G is locally indicable if every non- 
trivial finitely generated subgroup of G has an infinite cyclic quotient. 

Theorem B. Let V be a starred graph and = {G v \ v G VT} be a family of poly- 
(infinite cyclic) groups. Let g G G := Then, the word problem of the one-relator 
quotient Gj {g\ is solvable. 
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Statements (i) and (iii) of Theorem A do not generalise to graph products of poly- 
infinite cyclic) groups and to illustrate this, an example is given in section 

In Theorem C below, we establish a Freiheitssatz for one relator quotients of groups 
of the form (A x C) *c (B xC), where A and B are locally indicable. Theorem C plays 
a crucial role in the proof of Theorem A. Algorithmically locally indicable groups are 
defined in Section [2J 

Theorem C. Let A, B and C be groups and G := (A x C) * c (B x C). Let w G G 
and suppose that it is not conjugate to an element of Ax C nor of B x C. Then the 
following hold. 

(i) (Freiheitssatz) If A and B are locally indicable, then the natural map (A x 
C) —> G/\w\ is injective. 

(ii) (Membership problem) If moreover A and B are algorithmically locally indi- 
cable; then the membership problem for Ax C is solvable in the group G/ \w\. 

When C is trivial, Theorem C(i) is the local-indicability Freiheitssatz (indepently 
proved by Brodskii [3] and Howie [6]) and Theorem C(ii) is a strengthening of a result 
of M azurovskii [10] . It is worth remarking here that the Freiheitssatz fails in general 
for direct products; for example, in the one-relator quotient of G = { a, b | ) x (c,d \ 
) / \ac _1 the natural map ( a, b \ ) — > G is not injective. Also Theorem C(i) provides 
a Freiheitssatz for direct products as follows. 

Corollary 1.2. Let A and B be two locally indicable groups and C any group. If 
g G (A* B) x C is not conjugate to an element of A x C or B x C then C naturally 
embeds in the one-relator quotient ((A * B) x C)/ \g\. 

The word problem for one relator quotients of direct product of groups is much 
simpler. 

Theorem D. Let A and B be two recursively presented groups and a G A and b G B 
such that the word problem is solvable in A, A/\a\, B and B/\b\. Then the word 
problem is solvable in G = (Ax B) / \(a,b) \ . 

Theorem D greatly enlarges the class of one relator graph products with solvable 
word problem and combined with Theorem B, Theorem D provides the Corollary 
below. 

Corollary 1.3. Let A and B be two starred graph products of poly- (infinite cyclic) 
groups. Then, for all g G Ax B, (A x B) / \g\ has solvable word problem. 

Notation 1.4. Let x,y be elements of a group G. We denote the commutator of x 
and y by [x, y] '■= xyx~ l y~ 1 and x y := y~ 1 xy. Similarly, for X, Y C G, X Y := {x y : 
x G X,y G Y}. 

The paper is organized as follows: In section [2] we introduce the concept of algorith- 
mically locally indicable groups and show that chordal graph products of poly- (infinite 
cyclic) groups have this property. In section [3] we prove Theorem C, in section H] we 
prove Theorem D and finally, Theorems A and B in section |5j 
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2. Algorithmic Local Indicability 

Higman called a group G locally indicable if every non-trivial finitely generated 
subgroup of G has an infinite cyclic quotient. As we wish to employ local indicability 
for solving word problems, we require a computable form of Higman's notion. In this 
section, we define the notion of algorithmic local indicability which plays a crucial 
role in Theorems A, B and C. We show that a graph product of poly- (infinite cyclic) 
groups is algorithmically locally indicable. 

We say that the uniform membership problem is solvable in a group G (also known 
as generalized word problem) if there exists an algorithm which, given any finitely 
generated subgroup H < G and an element g G G, decides whether g belongs to H 
or not. 

Definition 2.1. A group G is said to be algorithmically locally indicable if 

(1) the uniform membership problem is solvable in G, and 

(2) there exists a computable surjection from every finitely generated subgroup 
of G to the integers, i.e. there is an algorithm which, given any finite subset 
{u>i, . . . , Wk} C G that generates a non-trivial subgroup H in G, produces a 
list of integers {ni, . . . , n^} with the property that mapping each Wi to the 
corresponding defines an epimorphism of H onto Z. 

Examples. 1.) Abelian and non-abelian free groups are algorithmically locally in- 
dicable. The abelian case follows easily from the fundamental structure theorem for 
finitely generated abelian groups. If F is a non-abelian free group, then we know 
the uniform membership problem is solvable in F from jH] . Now let gi, ■ ■ ■ ,g n G F 
and let H — (g%, . . . ,g n ) be the subgroup that they generate in F. Perform Nielsen 
transformations to obtain a (Nielsen reduced) basis for H . Now there are many ways 
to define an epimorphism from H onto Z! 

2.) The right-angled Artin group associated to C4 is a direct product of two non- 
abelian free groups of rank 2. Mikhailova showed in [11] that the uniform membership 
problem is not solvable in F2 x F2. Hence this group is locally indicable but is not 
algorithmically locally indicable. 

We will repeatedly use the following lemma in the rest of the paper. 

Lemma 2.2. The free product of two algorithmically locally indicable groups is algo- 
rithmically locally indicable. 

Proof. Let A and B be algorithmically locally indicable groups and let S be a 
nonempty finite set of words in A * B. Mikhailova provides a solution to the uniform 
membership problem for free products in [12] and so we need to verify property 02]) 
of Definition 12.11 First we write each element of S in normal form: every element 
w 7^ 1 of the free product A* B can be uniquely expressed as a product w = g% ... g^ 
such that each ^ 1, each gi belongs to one of the factors A or B and successive g^ 
gi+i are not in the same factor. 
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Recall that in each factor one may decide if a given word is trivial. We can extend 
this part of the algorithm for the factors using normal forms as above to decide if 
an element in S is trivial or not. If all the words in S are trivial then the algorithm 
stops. Otherwise we need to produce an infinite cyclic image for the subgroup H that 
S generates in G. 

Any non-trivial word in A * B is conjugate to a cyclically reduced word i.e. a word 
of the form {a\b\ . . . akbk) ±l where aj G A — {1}, bi G B — {1} and k > 1. One can 
prove using induction that a±bi . . . aubk is precisely 

^JJ [ai . . . ^, 6i . . . &i_i][ai . . . Oi-u b i ■ ■ ■ h-iV^j ax... a fc &i ...b k 

We deduce from the above expression that any non-trivial word w of the free 
product maps to an element a% . . . a^bi . . . bk in A x B . Moreover w is in the kernel K 
of the surjection from A * B to A x B if and only if a\ . . . a^ = 1 in A and b\ . . . bf. = 1 
in R 

Note that for all a,x G A and b,y E B we have [a, = [x _1 a, and 
[a, 6] y = [a, i/] -1 [a, Using this and the earlier decomposition of a cyclically reduced 
word into a product of commutators, any element of A * B that lies in the kernel K 
may be rewritten as a product of commutators [a, 6] ±:l ,a G A,b G B. Indeed K is a 
free group with basis {[a, ft]* 1 , a G A, 6 G 5} (see [121 Prop. 1.1.4]) and every finitely 
generated non-trivial subgroup of K supports a computable surjection to Z. □ 

A graph L is chordal if it is finite and every cycle of length at least 4 has a chord, 
i.e. an edge joining two non-adjacent vertices of the cycle. 

Proposition 2.3. Let V be a chordal graph, = {G v \ v G VT} a family of poly- 
(infinite cyclic) groups. Then G := TlS is algorithmically locally indicable. 

To prove the proposition above, we need a few lemmas. 

Definition 2.4. A short exact sequence of groups 1— > K — > G — > H — > 1 is said to 
be algorithmic if: 

(i) the groups K, G and H and the morphisms and ip are given to us in an 
algorithmic way; i.e. we can effectively operate in K, G and H, and compute 
images under and -0, 

(ii) we can solve the word problem in K and H, 

(iii) given g G G, such that ip(g) = 1 we can find k G K such that (j)(k) = g. 

Lemma 2.5. Let K,H be two groups which satisfy property (TJ|) of Definition 

Let 1 — V K — y G — > H — > 1 be an algorithmic short exact sequence. Then G satisfies 
property (dp of Definition \2.1\ 

Proof. Given {gi, . . . ,g n } in G we can compute its image in H under i/j. Since the 
word problem in H is solvable we can decide whether or not (ip(gi), ■ ■ ■ ,ip(g n ) ) is 
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the trivial group. If {ip(gi), . . . ,xfj(g n )} generates a non-trivial subgroup, then the 
algorithm of H produces a computable epimorphism from (ip(gi), . . . ,ip(g n ) ) to Z. 
Composing with ip we obtain our computable epimorphism from (gi, ■ ■ ■ , g n ) to Z. 

If (ip(gi), . . . ,ip{g n ) ) is trivial, then for all 2 = 1, . . . ,n, we can compute a pre- 
image fc, for g^ under 0. Since the word problem in K is solvable, we can decide 
if ( <7i, . . . , g n ) is trivial or not. If it is not trivial, the algorithm in K produces a 
computable epimorphism from ( ki, . . . , k n ) to Z. □ 

Corollary 2.6. Poly- (infinite cyclic) groups are algorithmically locally indicable. 
Proof. The uniform membership problem is solvable in polycyclic groups [2] and so 



Proof of Proposition \2.'J[ Let G be graph product of poly- (infinite cyclic) groups over 
a chordal graph. Arguing as in [HI Corollary 1.3], one can prove that G is the fun- 
damental group of a graph of groups (Y,G(— )), where Y is a tree and the vertex 
and edge groups are polycyclic and so by Theorem 1.1] the uniform membership 
problem is solvable. We need to verify property fl2]) of Definition 12.11 Since poly- 
(infinite cyclic) groups are algorithmically locally indicable (Corollary I2.6p . the proof 
is completed using the Observation below. 

Observation 2.7. Let T be a simplicial graph and (5 = {G v \ v G VT} a family of 
groups that satisfy property (T5]) of Defintion 12. 1[ Then G := T& satisfies property 
P) of Defintion EU 

To prove the Observation, let S = {wx, . . . , W).} 7^ {1} be a finite collection of 
words from G and let H be the subgroup generated by S in G. The general case 
reduces to the situation when V is finite. This is because for infinite T, the finite set 
S involves a finite subset A of V. Moreover, G\ is a retract of G. Once we have a 
computable epimorphism of the subgroup generated by S in Ga, composing with the 
canonical surjection G — > G\, we get the required computable epimorphism from H 
onto Z. Therefore we may assume that the defining graph V is finite. 

We now proceed by induction on the size of its vertex set \V\. If | V | = 1 then 
G = G v , v G V and there is nothing to prove. Fix v G V and consider A, the full 
subgraph of T with vertex set V — {v}. Also, the normaliser of G v in G is precisely 
G v x G>xk(u); here Lk(-y) is the link of v in T, that is the full subgraph of T whose vertex 
set are vertices adjacent to v. It is now easy to see that G = (G v x Gxk(-u)) *c Lk(v) Ga 
and using Bass-Serre theory, we deduce that ( G„ ) , the normal subgroup generated 
by G v , is a free product of * t <=TG t v , where T is in one-one correspondence with cosets 
of G v x GLk(^) in G. Our graph product G fits into the split short exact sequence: 



Using normal forms for graph products, we can solve the membership problem for 
G v x GLk(u) in G. Hence, one can easily choose minimal length representatives for 
cosets of G v x GLk(D) in G. Then we can compute the normal forms in the free product 




□ 



(1) 



U(G„ G )AG4G A 4l. 
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decomposition of ( ) of pre-images of elements of G mapping to 1 in G\ and, by 
Lemma 12.21 ( G^ ) satisfies property (J2D of Definition 12.11 

Note that, using normal forms, i and 7r in (pQ) are given in an algorithmic way. 
Hence ([T]) is an algorithmic short exact sequence. Moreover, by induction hypothesis, 
property ([2]) of Definition 12.11 holds for G\. Therefore, the Observation follows from 
Lemma 12.51 and this completes the proof of the Proposition. □ 

3. Proof of Theorem C 

The proof of Theorem C is similar to the one for free products and is based on 
[H [3]. We will repeatedly use the following fact. 

Lemma 3.1. Let G = (A x C) * c (B x C). Then G = (A * B) x C and any 

automorphism of A* B extends to an automorphism of G that fixes C. 

Lemma 3.2. Let A be generated by (ai, . . . , a^) and let (zi, . . . , Zk) G Z such that 
Oj i— > Zi, i — 1, . . . , k extends to an epimorphism <fi: A — > Z. Let a G A such that 
4>(a) = 1. Let n > be an integer and A := A *^ a=a n^ (a\ ), i.e. the group obtained 
from A by adding an n-th root of a. 

(i) If A is locally indicable, so is A. 

(ii) If A is algorithmically locally indicable, so is ker0, where <fi: A — >• Z is defined 
by <!%) =n- g, g E A and (f> A (a) = 1. 

Proof. Let K := ker <pA and K := ker 0. The group K acts on the Bass-Serre tree T 
of A *( a =a n ) ( oi\ ). The intersection of K with the conjugates of ( a\ ) is trivial and 
the intersection of K with conjugates of A is isomorphic to K. Then using Bass-Serre 
theory 

(2) % = rigAg- 1 )*F 

where F is a free group. Since K\A = (a) and a n 6 A, we conclude that 
{1, a, . . . , a"" 1 } is a transversal for the double cosets K\A/A. Moreover, since 
K = (K, aKa~\ . . . , a^^a"" 1 ), we conclude that F = 1. 

If A is locally indicable, is locally indicable and K is locally indicable. Thus, A 
is an extension of locally indicable groups and hence locally indicable. This proves 

(i)- 

To prove (ii) observe that for any element k G K, we can effectively compute the 
normal form of k in the free product ([2l . By Lemma |2T2"1 K is algorithmically locally 
indicable since it is a free product of algorithmically locally indicable groups. □ 

Lemma 3.3. Let A be a group and let a G A. Suppose that the membership problem 
for {a) in A is solvable. Then, for any group C , the membership problem for (a,C) 
is solvable in Ax C . 
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Proof. The subgroup (a,C) is isomorphic to (a) X C and so an element (a ,Co) G 
A x C belongs to ( a, C ) if and only if do belongs to ( a ) , □ 

Theorem C. Lei A, 5 and C be groups and G := (A x C) *c (B x C). Let w <E G 
and suppose that it is not conjugate to an element of A x C nor of B x C. Then the 
following hold. 

(i) (Freiheitssatz) If A and B are locally indicable, then the natural map (A x 
C) — > G/\w) is injective. 

(ii) (Membership problem) If moreover A and B are algorithmically locally indi- 
cable; then the membership problem for Ax C is solvable in the group G/ \w\. 

Proof. Since G = (A*B) x C, we can use the normal form of free products to express 
the element w as a reduced word aib\ . . . afiic, where G A, bi G B and c G C. After 
conjugation, if necessary, we can assume that aj 7^ 1 7^ bi for % — 1, . . . , I. The proof 
proceeds by induction on /. 

If / = 1, since w is not conjugate to an element of either Ax C nor of B x C, both 
ax, 61 are non-trivial. Moreover, A and B are locally indicable which implies that 
(ai) = (61) = Z and (C,ai) ^ (C,&ic) = CxZ. The group G/^[> is therefore 
the amalgamated free product (A x C) *(c,ai)=(c,&ic) (B x C) and (i) holds. Under 
the hypothesis of (ii), the membership problem (di) in A is solvable (resp. (61) in 
B) and so by Lemma [3. 3 [ the membership problem for (ai,C) is solvable in Ax C, 
(resp. (bic,C) in B x C). Hence, normal forms may be effectively computed in 
G/ \w\ view as an amalgamated free product and then, the membership problem for 
Ax C (and B x C) is solvable in G/\w \ and (ii) holds. 

Suppose now that I is at least 2. Let A = (a\, . . .ai), B = ( 61, ... 6; ) and 
G = (A x C) *c (B x C) = (A ,B ) < G. HA and S are algorithmically locally 
indicable, so are A Q and B . To show (i), it is enough to show that (A Q x C) naturally 
embeds in G //\w ty, since then AxC naturally embeds in (AxC)*(a xC)(G / \w§). To 
show (ii), assuming that (i) holds, it is enough to show that (Aq x C) and {Bq x C) 
have solvable membership problemin Go/t\w\), since then we can compute normal 
forms in 

G/\w) = (AxC) * (AoxC) (<VM) *(B xc) (B x C) 

and in particular solve the membership problem for AxC and B x C in G / \ w\ . So 
we can assume from henceforth that A = Aq, B = Bq and G = Gq. 

Since A and B are locally indicable, there exists epimorphism <pA'- A — > Z and 
4>b'- B — > Z, and, since G = (A * B) x C, we can extend them to <pA'- G —> Z 
and <pB'- G — > Z. For the proof of (ii) we can assume that <pAi <Pb, <Pa and <pB are 
computable. 

Case 1: 4>a(w) = or 4>b{w) = 0. In this case we will assume that 4>a(w) = 0. Due 
to the asymmetry of this case, to cover all possibilities, we have to show that A and 
B naturally embed in G / \w\ and that, under the extra hypothesis of (ii), (A x C) 
and (B x C) have solvable membership problem in G/\w). 
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Choose a £ A such that a (o) = 1- Let A denote the kernel of a and let H denote 
the kernel of 0a- Then, writing B l := a~ l Ba\ we have 

H = C x (A * B° * B- 1 * B l * * B 2 * . . . ) 

For p, g G Z, p < g let 

/f bt9] = 2 * B p * * • ■ ■ * B q < 

For z = 1, let mj = 0a(oi) and we rewrite as a mi ai, where 5j G A. We can 
rewrite to as 

(3) a mi aia- mi (a mi M- mi )a mi+m2 fi 2 ■ ■ • (a- TOl ™~ m, 6 I a mi+ - +m ')c 

Let /i = min{^ =1 — mi : j = 1, . . . , /} and z/ = max{^^ =1 — : j — 1, . . . , I}. 
After conjugating u; by a or a -1 we can assume that \i < 0. If z/ = /i then, since 
X)i=i n « = 0' we have that rii = for z = 1, . . . , I, and hence 0a is the constant map 
0, a contradiction. Therefore, \i < u, w G ii^-ft,] x C, and using normal forms, w is 
not conjugate to an element of H^ + i^ x C nor of x C. Moreover, since the 

sequence ($Zi=i ~ m « : j = 1, . . . , Z) is not constant, the number of times that it takes 
the value \i (resp. v) is strictly less than I. Then w as a word in the free product with 
amalgamation x C) *c x C) and as a word in (if^!-^ x C) *c (B^ 1 x C) 

has length less than I. 

Since the free product of (algorithmically) locally indicable groups is (algorith- 
mically) locally indicable, H^+i^ , if^-i], B^ and B v are (algorithmically) locally 
indicable. Now, the induction hypothesis says that x C and B^ x C naturally 

embed (resp. have solvable membership problem) in 

(if KA4] x C)/M = x C) * c {B» x C))/\w), 

and i/[ At _i^] x C and B^ x C naturally embed (resp. have solvable membership 
problem) in 

(# Km] x C)/M = x C) *c (B" x C))/M- 

Assume that A and are locally indicable. The conjugation by a in if induces an 
isomorphism a: {H^ v ^ X C) — > {H^ + x-\ v \ x C) and is the HNN-extension 



(4) G/\w\ 



Then (i?^] x C)/^it)^ embeds in G/\w). In particular B° x C embeds in (Hu^^ x 

C)/^u^, that is B x C embeds in G/^iy^. Similarly A x C naturally embeds in 
G/\w\. To show that Ax C naturally embed in G / \w) suppose that x,y G A x C 
such that x G y(w G ) (i.e. x and y are equal in G/\w\), we have to show that x = y. 
Since 0a(w) = 0, the map 0a: G — > Z factors through G/\w\j. Hence, x,y have 
the same image under 0a and then y~ l x G (A x C) n ( u> G ). Since Ax C naturally 
embed in Gj \w\ the previous intersection is the trivial group and then x = y. This 
completes the proof of (i) in Case 1. 
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Assume now that A and B are algorithmically locally indicable. Then, as noticed 
before, the membership problem for H^x\v] x C and H [^-1] x C in (-^>] x w D 
is solvable. This means that normal forms in the HNN-extension fll]) can be effectively 
computed and we can solve the membership problem for Ax C and B x C m G / \ w\ . 
To solve the membership problem for A x C in Gj \w\, notice that x G A x C if and 
only if x(f)A{x)~ l E A x C. Taking into account that <pA is constructible, it follows 
that we can solve the membership problem for j4xCinG/|w|. This completes the 
proof of (ii) in Case 1. 

Case 2: 4>a(w) = m/ and 4>b(w) =ji^0. Due to the symmetry of this case, 
we only have to show that A embeds in G/ \w \ and that, under the extra hypothesis 
of (ii), Ax C has solvable membership problem in G/\w\. 

Subcase 2.1: B = Z. 

In this situation B = (b) and w = aib ni ■ ■ -aib ni c. It is important to notice that 
no rii is equal to 0. Let n = 4>b(w) = n\ + • • • + ni. 

Let A be the group obtained from A by adding a, an nth-root of a, that is A = 
A */ a =a n ) (a\ ). We construct an epimorphism <p^: A — >• Z by setting (f>%(g) = 
n ■ <j) A {g), for g G A and <j> s (a) = 1. Let G = (A x C) * c (B x C) = (A * B) x C. 
We can extend to <p^: G — > Z. Under the hypothesis of (ii), both <j)^ and are 
computable epimorphisms. If m = 4>a{w), we have that (f)t(w) = nm. 

We define a map /: AUBUC ^ AU5UC by f(g) = g for all g G A U C and 
f(b) = ba~ m . Clearly / extends to an isomorphism of G (also denoted by /). Then 
f ( w ) = ai (ba- m ) ni . . . ai(ba- m ) ni c and JJ(/(w)) = 0. 

Note that, by Lemma I3.2[ A is still locally indicable, and, if A is algorithmically 
locally indicable, so is A = ker Let H denote the kernel of <^j, then 

H = C x (A * B° * B- 1 * B 1 * B~ 2 * B 2 * . . . ) 

where B l := a~ l Ba\ For p,q G Z, p < q let H [ptq] denote A*B P *B P+1 *- ■ -*B q ^ H. 
We record the following 

(5) If A and B are algorithmically indicable then so is Huff q ]. 

Let rrii = 4>^(ai) then Oj = a mi a,i. To simplify notation, we will write k b to denote 
a k ba~ k . We can rewrite /(w) as 

f( w ) = a mi ai(fo«- n ) rei . . .a mi 5^a-") ni c 

= ai^ 1 -^) 61 - 1 ■ ■ • ( fcl .»i&) ei - ft i . . . a^ 1 ^ 1 ■ • • ( fe! ."ife) £! ."!c 

where = a^c^a - ^- 1 G A, e^- = nj/|nj| G ±1, 1 < i < I and fcjj = fX)p=i m p) ~~ 

fejS - (i ~ X K if n * is positive and fcy = fei=i m p) ~ fe P =i ~ i n ; if 
ni is negative. 
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Let /i = rmn{kij : 1 < i ; < 1, 1 < j ' < rij} and v = maxjfcjj : 1 < i < 1,1 < j < Ui}. 
Since for all z = 1, . . . , I, ^ we have that {kij : 1 < j < rii} takes Ui different 
values. In particular /i < v and the sequence (k it j : 1 < % < I, 1 < j < rii) takes the 
value /i (resp. v) at most I times. 

We claim that H [^-jv-i] x C and if^+i^j x C naturally embed in (H^^ xC)/| f{w) § , 
and under the hypothesis of (ii), these groups have solvable membership problem in 
(-ff^ti/] x C)/ \ f{w)\. Therefore we can argue as in Case 1: we have an HNN-extension 



G/\iu\=G/\f{w)\ 

• r, 

a{H\^ v -x\ x C)a = x C 



and f(A x C) naturally embeds in G/\f{w)\ and hence Ax C naturally embeds 
G/\w\. Using the amalgamated free product splitting of A it follows that Ax C 
embeds Gj \w\j. 

Moreover, if A and B are algorithmically locally indicable, then under the conclu- 
sions of the claim, the normal forms in the HNN-extension ([6]) are computable and 
since 0^ is computable, we can conclude arguing as in the previous case, that the 
membership problem for f(A x C) in G/t\f(w)§ is solvable. Hence the membership 
problem for Ax C in G/ \w \ is solvable. Since ( a ) has solvable membership problem 
in A, the normal forms in the free product with amalgamation A*^ a=a n-^ (a\ ) can be 
effectively computed and the membership problem for A x C in G / §w§ is solvable, 
as required. 

We now need to proof the claim. We show only that H^ v _i] naturally embeds in 
(H^ u j x C)/\f{w) \ and that under the hypothesis of (ii), this group has solvable 
membership problem in (-H^v] x C)/\f{w)\. The corresponding proof for H^ + i^ 
is similar. 

If the sequence (fcjj :1<z<Z,1<j< rii) takes the values fi less than I times, 
then }'{w) has length less than I in x C) *c x C) and by induction 

hypothesis H^ u _i] x C naturally embeds in (-H^iv] x C)/\f{w) ). Under the extra 
hypothesis of (ii) along with fl5]), H[^ u _i] is algorithmically locally indicable and by 
induction, H^ y ^ x C has solvable membership problem in (H^-p,] x C)//\f(w)§. 

The remaining case is when f(w) has length I in the free product with amalgamation 
(#[^-1] x C) * c {B v x C) and hence f(w) = h^bf 1 . . . hi( u b) ei c, where e t = ±1. As 
we may change f{w) to a conjugate or to its inverse, without loss of generality, we 
can assume that e\ = 1. We apply an automorphism to {H[^ v ^ x C) *c (B v x C) 
that fixes if[ At ^,_i] x C and sends v b to "bh^ 1 ■ Then <p(f{w)) has length less than I in 
x C) *c {B v x C) and by induction hypothesis, H^ u ^ x C = (^(H^^^ x 
C) naturally embeds in (H^^ x C) / \4>{f {w)) \ and hence, in (H^ v j x C)/\f{w)). 
Also, under the extra hypothesis of (ii) along with §5§, H^ v ^ is algorithmically 
locally indicable and by induction, H[^ v ^ x C has solvable membership problem in 
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Subcase 2.2: B arbitrary. 

We first prove (i). The map 4>b extends to a homomorphism ir from (A x G) *c {B x 
G) to (A X G) *c (( b ) x C), for some b E B. Then 7r(w), which has length at most Z, 
is not conjugate to an element of A x G or ( 6 ) x G. We apply Case 1 and Subcase 
2.1 to conclude that Ax C naturally embeds in ((A x C) *c ((b) x C))/^7r(w) [), and 
hence A x C naturally embeds in G/{|u;[}. This completes the proof of (i) and from 
now on, we may assume that (i) holds. 

In order to show (ii), let ift: A * B — > Z = (u\ ) be defined by i/)(a) = n</u(a) for 
a G A, and ip(b) = — m0s(6), for b £ B. Setting K = ker^, we can regard A * B as 
a semidirect product X x (u| ). Since ip is computable and normal forms are easily 
constructed in free products, 

(7) for any given g G K x (u\ }, we can decide whether or not g G A. 

Consider the group G\ = (A * B * ( z\ )) x G and the extension tj; of ip defined by 

$ : G l ( tt| ), fe) = ^(<?) if <? G A U 5 and = 1 if 9 6 C U {^}. 

We have an embedding t of G = (A * I?) x G into Gi via a n> a, 6 t— > z~ l bz, ci-> c. 
Then 

where dj, 6j G K and m; = ^^(aj), = for 2 = 1, . . . , /. The total sum of the 

exponents of u appearing in lw is n^m^ — m^n^ = nm — mn = 0. So, we can 
rewrite lw as 

= ki{u~ l1 z~ l u tl )k 2 {u~ t2 zu t2 ) ■ ■ ■ k 2 i-i{u~ t2l - 1 z~ 1 u t2l - 1 )k2i{u~ hl zu hl )c 

where ki G K for i = l,...,2l and t 2 j = —n^]i = \ m i + m J2l=i n i an d *2j-i — 
~ n Y^i=i m i + m Si=i n « f° r i = 1) • • - Observe that t 2 z = and, since at least 
two ?Vs and two m^'s are non-zero, the sequence (tj : i — 1, . . . , 2/) takes at least one 
non-zero value. Let /i = min{tj : i — 1, . . . , 21} and ^ = max{£j : i — 1, . . . 2/}; by the 
previous observation /i < v. 

For p < q, let 

# btg] = K * ( u- p zu p )*••■*( ). 
and we can express Gi as the HNN extension 

(8) Gi = ( # [i4m] x G, ulu-^ff^-i] x G)u = x G ) 

and by (i), the groups H^ u _^ x G and i/^+i^j x G naturally embed in (H^^ x 
G)/^at>^. Hence, Gi/^ou^ may be written as an HNN extension as follows. 

(9) GJiiw) * ( (# Km] x CVU^ulu" 1 ^^-!] x G)u = x G). 

Since there are at most 21 occurrences of z or its inverse in lw, \x can occur in 
the sequence (tj : z = 1, . . . , 21) at most / times and similarly, z/ can occur at most I 
times. This implies that lw is a word of length at most / in [H^ v ^ * ( u~ v zu v )) x G. 
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Observe that K ^ A * B is algorithmically locally indicable and so is the free product 

H\pfr,-i]. Then by Case 2.1. 

(10) 

x C) * c (C x ( u-^u 17 )) 

^f«ti/-il x C has solvable membership problem in : , 

d lw D 

and using the conjugation by it, we deduce that the membership problem for if x 
C in x C) *c (C x (u~ u zu u ))/ \lw\ is also solvable. The normal forms for 

the HNN extension (JHD can be effectively computed. 

Now, we can solve the membership problem for A x C in G/^u^ by solving the 
membership problem for l(A x G) = A x G in Gi/ ^tw^, and we can do it as follows. 
Given g £ Gi/^ou^, we can compute VKfiO an d then, if VKsO ^ ip{A) we conclude that 
g AxC. Suppose that g £ V'(A), then we can compute a £ A such that ^(a) = ip(g) 
and then g £ A x C if and only if ga~ x £ (KnA) x C. Since normal forms in the HNN 
extension can be effectively computed, we can decide whether or not ga~ l belongs 
to the base group. By (fTOj) . we can decide whether or not ga" 1 £ H^ v -\\ x C. Using 
normal forms for free products, we can decide whether or not ga~ x £ K x G. Finally, 
by ([ZD we can decide whether or not ga~ l £ (if D A) X C. This completes the proof 
of the Theorem. □ 

4. Direct products 

Lemma 4.1. Let A, B be groups and a £ A and b £ B. Let tt be the natural quotient 
map 

Ax B A B 
7T : — — — — > - — rr x 



Then ker7r is abelian of finite rank. 

Proof. Observe that ((a, b) AxB ) is a normal subgroup of (a A ) x (b B ). Therefore, 
the group G = A x B / \{a,b)) fits into the following exact sequence. 

(11) 1 -> \ / ,x „ p / G — rr X — — ->■ 1 

where 7r is the natural quotient map. 

Let ai £ A; then (a,6) (oi,1) = (a ai ,6) and hence, 

{a a \b){a,b)- 1 = {a^aaxar 1 , 1) = ([ar\a],l) £ ((a,6)^ xB ). 

Therefore, ([A,a],l) C ((a,6) AxB ) and similarly, (1, [B,b]) C ((a,6) AxS ). There is 
a natural epimorphism 0, 

<«*> ., <&*> ^(°")x(^ = 



{[a, A}) {[b,B]} <(a,6)^> 

Note that ( cr 4 )/ ( [a, A] ) and ( 6 B } /( [6, 5] ) are cyclic and hence, ker(7r) is abelian 
of rank at most 2. 
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□ 

Theorem D. Let A and B be two recursively presented groups and a G A and b G B 
such that the word problem is solvable in A, A/\a), B and B/\b\. Then the word 
problem is solvable in G = (A x B)/ \(a,b)\ . 

Proof. By Lemma I4.1[ we conclude that the recursively presented group G is an 
extension of two groups in each of which, the word problem is solvable. Therefore, G 
has solvable word problem. 

□ 

5. Proof of Theorems A and B 

In order to prove Theorem B we need the following observation. 

Lemma 5.1. Any quotient of a polycyclic group is polycyclic. In particular, any 
quotient of a polycyclic group has solvable word problem. 

Theorem B. Let V be a starred graph and (3 = {G v \ v G ^r} be a family of poly- 
(infinite cyclic) groups. Let g G G := T<3. Then, the word problem of the one-relator 
quotient Gj {g\ is solvable. 

Proof. We argue by induction on \V\. If \V\ = 1 the result holds by Lemma [5.11 We 
suppose |V| > 2 and that the result is holds for starred graphs with fewer vertices. 

If T is connected, then there exists a nodal vertex v, and G = G v x Gy~{v}- By 
induction hypothesis all one relator quotients of Gy-{v} and G v have solvable word 
problem. Also Gy-{ v } and G v are finitely presented. Therefore, by Theorem D, 
G/\g \ has solvable word problem. 

If T is disconnected, then V is the union of two disjoint components Ti and T2- 
In this case, G = Gr± * Gt 2 . If 9 is conjugate to an element of Gr ± then, Gj {g\ = 
GY 1 /\g\ * Gr 2 - By induction, GT 1 /\g\ has solvable word problem and so, G, being 
the free product of two groups with solvable word problem, also has solvable word 
problem. 

The remaining case is when g is not conjugate to an element of Gn nor of Gr 2 - But 
by Proposition 12. 3\ Gr 1 and Gr 2 are algorithmically locally indicable. Therefore, by 
Theorem C (ii), Gr 1 has solvable membership problem in G/\g\, and in particular, 
the word problem for G/\g \ is solvable. □ 

Theorem A. Let Ar be a starred right-angled Artin group and let g be an element 
of Ay- Let N be the set of nodal vertices ofV and G := AY/\g\. Then 

(i) the word problem is solvable in G; 

(ii) ifUdN and g G" At v , then Ar u naturally embeds in G; 

(iii) if U spans a sub-star, and g is not conjugate to an element of Ar v then Ar u 
naturally embeds in G. 
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Proof. Assertion (i) follows from Theorem B. To prove (ii), we argue by induction on 
the number of vertices of T. Recall that N is the set of nodal vertices of T and U is a 
subset of N such that g ^ A Tu . If T is disconnected then TV is empty and the result 
holds. So we will suppose that T is connected. 

Let g G A? N . As A r = A rv _ N x A rN , the group Ar/\g) decomposes as a direct 
product of A Tv ^ N and Ar N /\g\. We know that T^v is a complete graph and A Tn is 
abelian. If g Ar u , then (g) fl Ar u = {1} and Ar u naturally embeds in A-r/\g\. 

Suppose that g £ A Tn . Now T v _ n is disconnected; let K\ and K 2 be non-empty 
graphs that form a partition of Ty-N- If g is conjugate to an element of Ak 1 x A-p N , 
then by induction hypothesis, Ar N naturally embeds in (A^ x Ar N )/ §g). Therefore, 
we can form the amalgamated free product (Ak 1 x Ar N )/^g) *a Fn (Ar 2 x A? n ) and 
A-p u naturally embeds in it. It remains to consider the case when g is not conjugate 
to an element of either A^ 1 x A^ N or Ak x x A^ n . Here, we invoke Theorem C to 
conclude that A Tn naturally embeds in A r /t\g\/ and therefore A Tu embeds in G as 
required. 

For (iii), let Kx, . . . , K n be the connected components of T — N. Then U spans 
a sub-star of Y if U = N U (U ie jVKi), where I is a proper subset of {1, . . . ,n}. 
By hypothesis g is not conjugate to an element of At v . The case / is empty was 
considered in (ii). So we assume that I is non-empty. Let J — {1, ... ,n} — I and 
U c = N U (UjcjVKj). If g is not conjugate to an element of Ar uc , then the result 
follows from Theorem C. 

Finally, suppose that g is conjugate to an element of Ar uc . Since g £ Ar N , (ii) 
implies that Ar N naturally embeds in Ar uc / \g)- Then Ay/ \ g ) = Ay ijc / \g \ *a Tjj Ar u 
and hence Ar v naturally embeds in Ar/ d g [> . □ 

Example 5.2. In this example we show that Theorem A can not be generalised to 
graph products of poly- (infinite-cyclic) groups. 

For i = 1,2,3, let Hi be the poly- (infinite-cyclic) group (xi,yi \ Xi%jiX~ x = y^ 1 )- 
Consider (1/1,1/2) E Hi x H 2 . It is easy to see that (yf , 1) and belong to 

( (yi, V2) HlxH ' 2 )• However neither Hi nor H 2 naturally embed in (Hi x H 2 )/ d (yi, y 2 ) ). 

Similarly, let V be the graph consisting of a line of length 2. We denote the vertices 
of T by {1, 2, 3}, where 2 represents the central vertex. Let G be the graph product 
of the ifj's over V and set g = y±y 2 . The previous argument shows that H 2 does not 
embed in G/\g\ under the natural map. Using normal forms, we can see that g is 
not conjugate to an element of G{ 2 ,3} but the natural map from G{2,3} to G / \g) is 
not injective, since H 2 does not embed in G/\g\. 
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